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ABSTRACT. In this paper we study a convergence and continuity of the fuzzy number-valued
functions with respect to an ideal. We prove some basic properties this convergence and
continuity.
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ABSTRAKT. Tento c¢lanok pojednava o konvergencii a spojitosti funkcii s hodnotami vo fuzzy
Cislach vzhladom na nejaky idedl. V clanku su dokdzané zakladné vlastnosti takejto
konvergencie a spojitosti.
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Introduction

I-convergence and I-continuity of the real-valued functions was defined by T. Salat, P.
Kostyrko and W. Wilczynski in [2]. It is possible find further results and some
generalizations of this problem in papers [1], [3], [5]. We generalize I-convergence and I-
continuity for the fuzzy number-valued functions. The fuzzy set-valued mappings are
studied in various settings in the last few years. For example the integrals of fuzzy set-
valued mappings have applications in mathematical economics and optimal control theory.

I-convergence of fuzzy numbers

In this section we deal with the structure of fuzzy numbers and its I-convergence.

Definition 1. The fuzzy number is any function u:R —[0,1], where R is the set of real
numbers, satisfying the following conditions:
(1) there exists x, € R such that u(x,) =1,

(2) the a—cutset (u)* ={x e R;u(x) > o} is convex for every « < (0,1],
(3) u is upper semi-continuous, i.e. any « - cut (u)“ is a closed subset of R,
(4) the support %x eRu(x)> 0} of the function u is a compact set.

The set of fuzzy numbers we denote E. The set of real numbers can be embedded into
E; the real number z is identified with the fuzzy number z = iz} i.e. with the function

Z{z}(x)= { Lx=z

0, x#z.
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For the proof of the following lemma see [4].
Lemma2. If ueE then

(@ (u)* isaclosed interval for every a < (0,1],
(b) (u)* < (u)* whenever 0< o <ar, <1,

© if a, Ta, then N(u)" =(u)*.

n-1
Conversely, if system of intervals {(M )“;a e[O,l]} fulfills (a) — (c), then there exists a
unique u € E such that (u)* = (M )* for every & (0,1].
The sum of fuzzy numbers u, v is a fuzzy number z such that
z=u+v < (2)" =) +(v)
for every « (0,1], where the sum of intervals [a, b]+[c, d]=[a+c, b+d].
The partial ordering on the set E is defined in the following way
usv < (u"‘)s (v)*
for every « e (0,1], where [a,b]<[c,d] < (a<c A b<d).
The Hausdorff distance d of closed possibly degenerate intervals is defined by equation
d([a b} [c,d])=max{|c—4],|d -b| }.

We can define the metric D : E x E — [0, o),

D(u,v)=sup {d((u)a (v)* ); a<(0,1] }

Then (E, D) is a complete metric space. The following properties of the metric D can be
found in [6]:
(i) D(u+w,v+w)=D(u,v) forall u,v,weE,
(i) D(u+v,w+2)< D(u, w)+ D(v, z) forall u,v,w,z cE,
(iii) D(u+v,0)< D(u, 0)+ D(v, 0) forall u,veE,
(iv) D(u+v, w)< D(u, w)+ D(v, 0) forall u,v,weE.

The product of fuzzy numbers u, v is a fuzzy number z such that

z=uve (2)Y=wW* (v)*forevery a e (0, 1],

where the product of intervals [a,b]-[c,d] = {xy;x € [a,b] Ay € [c,d]}. The absolute
value of a fuzzy number u is a fuzzy number |u| such that (Ju])®* = |(w)¥| for every
a e(O,l], where |[a, b]| = {|x|; x € [a, b]}.

For any intervals [a, b], [c,d], [e, f]

d([a,b] - [e, f], [c,d] - [e, f]) < max{le|, |f[}.d([a, b] - [c,d]).
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Letu,v,z € E and let |z| < K, K € R*. Then for every a € (0,1] (|z|)* < [0, K] and

d((uz), (vz)*) < d((Kw)*, (Kv)®) = Kd((w)*,v%),
consequently D (uz,vz) < KD (u,v).

Lemma 3. If a sequence {u,};=; of fuzzy numbers converges in metric space (E,D) to
u € E, then there is K € R such that u,, < K foreveryn € N.

Proof. There is m € N such that D (u,, u) < 1 for any € N, m < n. Denote
(up)* = [a;a),b,(la)], ul® = [a(“),b(“)], n € N.
For any a € (0,1] we have
|b,(1a) — b(“)| <d((u)% W) < Dup,w) <1l,m<n.
Put
L = sup {max {bl(a),bga), ---,b,(,‘f)}; a € (0,1]}, M= sup{b(“) +1;a € (0,1]}.
The number K, K = max{L, M}, is searched number.

I-convergence of a sequence of fuzzy numbers is defined by notion admissible ideal
| of sets of natural numbers.

Set I, I € P(N), where P(N) is system of all subsets of N, are called ideal, if satisfies
conditions:

1° foranyA€l,B€lalso AUBEI;
2° ifAelandBc A, thenB €,

3% every finite subset of N belongs to I;
4 Nel.

Let N, denote the set of all even natural numbers. Let I; = {A € P(N); A is finite},
I, =1, u{A€P(N); 3B € P(N,)3C €1, A= B UC and B isinfinite}. Then I,,1, are
examples of admissible ideals.

It is suitable to use also the notion of the filter which is determined by an ideal I, i. e.
F(D)={XeP(N); IA€IX=N—-A}.

Next assertions about an ideal I are evident:
5° ifAel, thenN—A¢l,
6° if A € I, then N — 4 is infinite.

Definition 4. A sequence {u,}n=, of fuzzy numbers is said to converge to u with respect

to the ideal I (we write I — lim,_, o, u, = u) if

A(e) ={ne N;D(u,,u) =} el
foreach e > 0.

Any sequence {u,}n=; of fuzzy numbers has at most one I-limit. If u, v are I-limit this
sequence, then for every € > 0

A()={meN; Dunw)=elel,B(3)={neN; Dupv) 2 e} €,
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c=A(5)uB(3)el,N-C=0.
Foranyx e N - C
0 <D(u,v) <D(,u,)+D(u,,v) <e.
SoD(u,v) =0and u = v.

A fuzzy number u is called the limit point of a sequence {u,}n=; of fuzzy numbers, if
u is limit of some its subsequence, i.e. Iy — limy,_ uy, =u, where {k,};-; is an
increasing sequence of natural numbers.

Proposition 5. Let I — lim,,_,,, u,, = u. Then u is a limit point of the sequence {u,, }y=1-

Proof. For any n € N the set {k EN; D(u,u) < %} is infinite. There is an increasing

sequence of natural numbers {k,};_; such that D(uy,,u) <% for every n€ N. It is
evident that I; — lim,,_,, u,, = u. So u is a limit point of a sequence {u,};~-;.

Proposition 6. If I — lim,,_,, u,, = uand I — lim,,_,,, v, = v, then
[ = lim(u, +v,) =u+w.
n—-oo

Proof. Denote us
A(e) ={n € N;D(u, + v, u+v) = ¢},

419 ={n e N;D@upw) 2}, 4,(5) = {n € N; D(wy,v) = 5}

for any & > 0. Obviously A;(£), A, (%) € 1.
Foranyn € N D(u,, + v,,u + v) < D(uy,,u) + D(v,, v) (see (ii)).
The following implication is true

(nea()anea(d))=ne @),
or otherwise equivalently

n€A(e) = (n €4, G)Vn € 4, (;))
accordingly A(e) € A1 (%) U A,(%) € 1, consequently A(e) € I.
Proposition 7. If I — lim,,_,, u,, = uand I — lim,,_,,, v, = v, then

[ — lim (u,v,) = uv.
n—oo

Proof. Forany € N D(u,v,, uv) < D(u,v,, uv,) + D(uv,, uv). By lemma 3 we obtain
K,L € Rt suchthat |u| <L and |v,| <K forevery n € B € F(I). Let ¢ > 0. The sets

M; = {n € N; D(u,,u) < 2}, My ={n€N;D(v,,v) <Z} belong to F(I). Evidently
M; N M, NnB € F(I).Soforanyn € M; N M, N B we obtain

D (upvy,, uv) < D(Kuy, Ku) + D(Lvy,, Lv) =

& &€
KD(un'u)-l_LD(Un:v) <K'ﬁ+L'Z—€.

Hence {n € N; D(u,v,, uv) = €} € I and s0 I — lim,,_,,, (u,v,) = uv.
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I-continuity of the fuzzy number-valued functions

It is possible to define I-convergence of sequences in any topological space. Let (X,7")
be a topology space with topology 7 and let I be an admissible ideal.

Definition 8. A sequence {x,}n-; of points from X is said to converge to x with respect to
the ideal I (we write I — lim,,_,o X, = x) if

AT)={neN; x, ¢T}el
foranyT € T,x €T.

We will consider functions f: X — E, where (X,7) is a topology space and E is the set
of fuzzy numbers.

Definition 9. Let I; and I, be admissible ideals. A function f: X — E is said to be (I, 1,)-
continuous at x,,x, € X, if

b= Jim x, = %0 = I = lim f(v) = £(xo)

holds for every sequence {x,}n=; of points from X.

Proposition 10. If functions f, g are (I,1,)- continuous at x,, then f + g is (I, 1,)-
continuous at x, .

Proof. Let I; — im0 X, = Xo, Ap4g(€) = {n € N; D((f + 9)(x), (f + 9)(x0)) = €},
Ar = {n € N; D(f (xn), f (x0)) = 5}, Ay = {n € N; D(g(x),9(x0)) =2} for any &> 0.
Foranyn € N

D((f + 9) (), (f + 9)(x0)) = D(f (xn) + g(x0), f(x0) + g(x0)) <
D(f (xn), f (x0)) + D(g(xn), g(x0)).
By proposition 5 Ar, ;(e) € Ar U Ay € I, consequently A(e) € I.
Proposition 11. If functions f,g are (I;,1,)- continuous at x,, then f-g is (Iy,1,)-
continuous at x, .

Proof. Let I; — lim,_ 4 X, = xo. By lemma 3 we obtain K, L € R* such that |f(x0)| <L
|lg(x,)| < K forevery n € B € F(I,). Lete > 0. The sets

M; = {n € N; D(f (xn), f (x0)) < 3}, Mz = {n € N; D(g(x5), g(x0)) < 5}
belong to F(I,). So forany n € M; N M, N B € F(I,) we obtain
D((f - 9) ), (f - 9)(x0)) = D(f (xn) g (xn), f (20 )9 (X0 )) <
D(f (xn) g (xn), f (%0 )g(xn)) + D(f (x0 ) g (xn), f (X0 )9 (x0)) <
K D(f (xp), f(x0)) + LD (g (x5), g (x0)) < &.

Hence {n EN; D(f(xn)g(xn),f(xo )g(xo )) > E} €I, and so
I = limy 00 f (xn) 9 (xn) = £ (%0 ) g (x0).

242



I-CONVERGENCE AND I-CONTINUITY OF THE FUZZY NUMBER-VALUED...

References

[1] Boccuto, A. — Dimitriou, X. - Papanastassiou, N. - Wilczynski, W: Modes of ideal
continuity and the additive property in Riesz space setting, Journal of Applied
Analysis, to appear.

[2] Kostyrko, P. — Salat, T. - Wilczynski, W: l-convergence, Real Anal. Exchance 26
(2000/2001), 669-685.

[3] Kostyrko, P. — Magaj, M. - Salat, T. — Sleziak, M.: I-convergence and extremal I-limit
points, Math. Slovaca 55(4) (2005), 443-464.

[4] Riecan, B. — Neubrunn, T.: Integral, measure and ordering, Kluwer Academic
Publisher, Dordrech, 1997, ISBN 0-7923-4566-5.

[5] Salat, T. — Tripathy, B.C. — Ziman, M.: On some properties of I-convergence, Tatra
Mt. Math. Publ. 28(2) (2004), 274-

[6] Wu Congxin - Gong Zengtai: On Henstock integral of fuzzy-number-valued functions,
Fuzzy Sets and Systems 120, (2001), 523-532.

Received on April 12, 2013.

Addresses

Doc. RNDr. Peter Viabel, CSc.

Doc. RNDr. Marta Vrabelova, CSc.

Department of Mathematics, Faculty of Natural Sciences, Constantine the Philosopher
University, Trieda A. Hlinku 1, SK — 949 74 Nitra

e-mail: pvrabelQukf.sk, mvrabelovaRukf.sk

243


mailto:pvrabel@ukf.sk
mailto:mvrabelova@ukf.sk

