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SOLVING OF GEOMETRICAL PROBLEMS USING DIFFERENT METHODS 
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ABSTRACT. Geometry is used daily by almost everyone. Geometry is found everywhere: in art, 
architecture, engineering, robotics, land surveys, astronomy, sculptures, space, nature, sports, 
machines, cars and much more. Geometry has an important role in the mathematics education 
process, too. When teaching geometry, spatial reasoning and problem solving skills will be 
developed. In the early years of geometry the focus tends to be on shapes and solids, then 
moves to properties and relationships of shapes and solids and as abstract thinking progresses, 
geometry becomes much more about analysis and reasoning. In this article we present six 
geometrical problems solved using different methods. 
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Introduction 

Simply written, geometry is the study of the size, shape and position of 2 dimensional 
shapes and 3 dimensional figures. However, geometry is used daily by almost everyone. 
Geometry is found everywhere: in art, architecture, engineering, robotics, land surveys, 
astronomy, sculptures, space, nature, sports, machines, cars and much more.  

Geometry takes an important place in the mathematics education process too. When 
teaching geometry, spatial reasoning and problem solving skills will be developed. In the 
early years of geometry the focus tends to be on shapes and solids, then moves to 
properties and relationships of shapes and solids and as abstract thinking progresses, 
geometry becomes much more about analysis and reasoning [1]. 

Notes to geometrical constructions 

At all school levels in Slovakia the experts in mathematics education recognise several 
types of mathematical problems which can be specified in one term of the characterization.  

These types of problems are word tasks – tasks in which relationships among given and 
studied information are expressed in word formulation; geometrical constructions – tasks 
related to geometrical figures and their constructions in accordance with conditions 
required to outputs. 

To the purpose of this article we put attention to geometrical constructions. 
To solve these types of tasks is important to use logical rules which are based on the 

theorems in such way that we achieve the solution from the given elements. The next 
specification of solution of the geometrical constructions is in extra steps of process of 
solutions. The steps are analyse, drawing, proof of construction and discussion. Some of 
these steps we emphasize in problems below. 

It is important to note that there are a few methods how to solve the geometrical 
constructions: 

1.  Method of geometrical locus of points in the plane; 
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2.  Method of geometrical transformations in the plane; 
3.  Algebraic–geometrical method; 
4.  Method of vector geometry and coordinates. 

 
In school practice when teaching geometry we often choose geometrical problems 

whose solutions need only one method. However, there are many problems which require 
different methods in different parts of solution. Then we should talk about the solution of 
the problems using combined methods. For example we use in some part of the solution 
the method of geometrical transformation and in other part we solve the tasks using 
algebraic-geometrical method and after it we use constructional sequences.  In this article 
we show solutions of six geometrical problems in whose solutions we use different of the 
methods mentioned above. 

Selected geometrical problems and their solutions using different methods 

Problem 1 

On the sides BC, CA and AB of triangle ABC are lying points A´, B´ and C´. Let points 
A1, B1, C1 and A2, B2, C2 are images of points A, B, C under the enlargements with the same 
scale factor k and the centres of enlargements are points C´, A´, B´ and B´, C´, A´.  

Prove that the triangles A1B1C1 and A2B2C2 have common centroid. 
 
Solution 

We draw the triangles pertain to this task (Figure 1). As the scale factor k we choose 
the number k ൌ െ1. This choice does not upset the generality of the proof.  

For prove we choose the vector method.  

 
Figure 1 

For the points A´, B´, C´, A1, B1, C1 and A2, B2, C2 we can write  
ଵሬሬሬሬሬሬሬሬሬԦܣ´ܥ ൌ ݇ ∙ ଵሬሬሬሬሬሬሬሬሬԦܤ´ܣ     ,ሬሬሬሬሬሬԦܣ´ܥ ൌ ݇ ∙ ଵሬሬሬሬሬሬሬሬԦܥ´ܤ      ,ሬሬሬሬሬሬሬԦܤ´ܣ ൌ ݇ ∙  ሬሬሬሬሬሬԦ,  (a)ܥ´ܤ

ଶሬሬሬሬሬሬሬሬሬԦܣ´ܤ ൌ ݇ ∙ ଶሬሬሬሬሬሬሬሬሬԦܤ´ܥ     ,ሬሬሬሬሬሬሬԦܣ´ܤ ൌ ݇ ∙ ଶሬሬሬሬሬሬሬሬԦܥ´ܣ      ,ሬሬሬሬሬሬԦܤ´ܥ ൌ ݇ ∙   .ሬሬሬሬሬሬԦܥ´ܣ
Label the centroids of the triangles A1B1C1 and A2B2C2 as points T1 and T2.  
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Then holds true that: 

ଵܶܣଵሬሬሬሬሬሬሬሬሬԦ ൅ ଵܶܤଵሬሬሬሬሬሬሬሬሬԦ ൅ ଵܶܥଵሬሬሬሬሬሬሬሬԦ ൌ 0ሬԦ,																						ሺ1ሻ 

ଶܶܣଶሬሬሬሬሬሬሬሬሬԦ ൅ ଶܶܤଶሬሬሬሬሬሬሬሬሬԦ ൅ ଶܶܥଶሬሬሬሬሬሬሬሬሬԦ ൌ 0ሬԦ.																						ሺ2ሻ 
From these implies that 

ଵܶܣଵሬሬሬሬሬሬሬሬሬԦ ൌ ଵܶܥ´ሬሬሬሬሬሬሬሬԦ ൅ ଵሬሬሬሬሬሬሬሬሬԦܣ´ܥ ൌ ଵܶܥ´ሬሬሬሬሬሬሬሬԦ ൅ ݇ ∙  ሬሬሬሬሬሬԦܣ´ܥ

ଵܶܤଵሬሬሬሬሬሬሬሬሬԦ ൌ ଵܶܣ´ሬሬሬሬሬሬሬሬԦ ൅ ଵሬሬሬሬሬሬሬሬሬԦܤ´ܣ ൌ ଵܶܣ´ሬሬሬሬሬሬሬሬԦ ൅ ݇ ∙  ሬሬሬሬሬሬሬԦܤ´ܣ

ଵܶܥଵሬሬሬሬሬሬሬሬԦ ൌ ଵܶܤ´ሬሬሬሬሬሬሬሬԦ ൅ ଵሬሬሬሬሬሬሬሬԦܥ´ܤ ൌ ଵܶܤ´ሬሬሬሬሬሬሬሬԦ ൅ ݇ ∙  ሬሬሬሬሬሬԦܥ´ܤ

ଶܶܣଶሬሬሬሬሬሬሬሬሬԦ ൌ ଶܶܤ´ሬሬሬሬሬሬሬሬԦ ൅ ଶሬሬሬሬሬሬሬሬሬԦܣ´ܤ ൌ ଶܶܤ´ሬሬሬሬሬሬሬሬԦ ൅ ݇ ∙  ሬሬሬሬሬሬሬԦܣ´ܤ

ଶܶܤଶሬሬሬሬሬሬሬሬሬԦ ൌ ଶܶܥ´ሬሬሬሬሬሬሬሬԦ ൅ ଶሬሬሬሬሬሬሬሬሬԦܤ´ܥ ൌ ଶܶܥ´ሬሬሬሬሬሬሬሬԦ ൅ ݇ ∙  ሬሬሬሬሬሬԦܤ´ܥ

ଶܶܥଶሬሬሬሬሬሬሬሬሬԦ ൌ ଶܶܣ´ሬሬሬሬሬሬሬሬԦ ൅ ଶሬሬሬሬሬሬሬሬԦܥ´ܣ ൌ ଶܶܣ´ሬሬሬሬሬሬሬሬԦ ൅ ݇ ∙  .ሬሬሬሬሬሬԦܥ´ܣ
Using (1) and (2) we obtain 

ଵܶܥ´ሬሬሬሬሬሬሬሬԦ ൅ ଵܶܣ´ሬሬሬሬሬሬሬሬԦ ൅ ଵܶܤ´ሬሬሬሬሬሬሬሬԦ ൌ ݇ ∙ ൫ܣ´ܥሬሬሬሬሬሬԦ ൅ ሬሬሬሬሬሬሬԦܤ´ܣ ൅  ሺ1´ሻ																						ሬሬሬሬሬሬԦ൯ܥ´ܤ

ଶܶܤ´ሬሬሬሬሬሬሬሬԦ ൅ ଶܶܥ´ሬሬሬሬሬሬሬሬԦ ൅ ଶܶܣ´ሬሬሬሬሬሬሬሬԦ ൌ ݇ ∙ ൫ܣ´ܤሬሬሬሬሬሬሬԦ ൅ ሬሬሬሬሬሬԦܤ´ܥ ൅  .ሺ2´ሻ																						ሬሬሬሬሬሬԦ൯ܥ´ܣ
For the vectors	ܤܣሬሬሬሬሬሬԦ, ,ሬሬሬሬሬԦܥܤ ሬሬሬሬሬԦܤܣ	 ሬሬሬሬሬԦ holdsܣܥ ൅ ሬሬሬሬሬԦܥܤ ൅ ሬሬሬሬሬԦܣܥ ൌ 0ሬԦ  and we derive 

ሬሬሬሬሬሬԦ´ܥܣ ൅ ሬሬሬሬሬሬԦܤ´ܥ ൅ ሬሬሬሬሬሬሬԦ´ܣܤ ൅ ሬሬሬሬሬሬԦܥ´ܣ ൅ ሬሬሬሬሬሬԦ´ܤܥ ൅ ሬሬሬሬሬሬሬԦܣ´ܤ ൌ 0ሬԦ. 
This means that ܣ´ܥሬሬሬሬሬሬԦ ൅ ሬሬሬሬሬሬሬԦܤ´ܣ ൅ ሬሬሬሬሬሬԦܥ´ܤ ൌ ሬሬሬሬሬሬԦܥ´ܣ ൅ ሬሬሬሬሬሬሬԦܣ´ܤ ൅  .ሬሬሬሬሬሬԦܤ´ܥ
 
Now from (1´) and (2´) follows 

ଵܶܥ´ሬሬሬሬሬሬሬሬԦ ൅ ଵܶܣ´ሬሬሬሬሬሬሬሬԦ ൅ ଵܶܤ´ሬሬሬሬሬሬሬሬԦ ൌ ଶܶܤ´ሬሬሬሬሬሬሬሬԦ ൅ ଶܶܥ´ሬሬሬሬሬሬሬሬԦ ൅ ଶܶܣ´ሬሬሬሬሬሬሬሬԦ 
 
That means the points ଵܶ	 and ଶܶ cincide in one point T (see Figure 1). 

Problem 2 

Divide a segment AB into two segments where the ratio of the length of given segment 
to the length of the longer part is the same as the ratio of the length of the longer part to the 
length of the shorter part. 
Solution 
Concider a point C 
Let mark the dividing point as ܥ ∈ |ܥܣ|	such that (as a point on segment AB) ܤܣ ൐  .|ܥܤ|
Let	|ܤܣ| ൌ |ܥܣ|	,ܽ ൌ |ܥܤ|		then ,ݔ ൌ ܽ െ  .(Figure 2) ݔ
 
The problem in algebraical expression is in 
a form 

ܽ ∶ ݔ ൌ ݔ ∶ ሺܽ െ  ሻݔ
Solving 

ଶݔ			 ൌ ܽ	 ∙ ሺܽ െ  ሻݔ
ଶݔ ൅ ݔܽ െ ܽଶ ൌ 0 					 					 		ሺ1ሻ 

 

 
Figure 2 

The roots of the equation (1) are  

ଵݔ ൌ
1
2
ܽ൫√5 െ 1൯																												ሺ2ሻ 

ଶݔ				 ൌ
1
2
ܽ൫െ√5 െ 1൯																										ሺ3ሻ						 

The second root is negative that does not satisfy the task.  
To construction of the point C we modify the expression (2) 
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ଵݔ ൌ
1
2
ܽ൫√5 െ 1൯ ൌ ඨܽଶ ൅ ൬

1
2
ܽ൰

ଶ

െ
1
2
ܽ 

 

The segment of length ටܽଶ ൅ ቀଵ
ଶ
ܽቁ

ଶ
 can be 

constructed using by Pythagorean´ theorem 
(Figure 3).  

Figure 3 

 
Then we draw segment x as we see in Figure 4. 

 

Figure 4 

Therefore is valid 
|ܯܤ| ൌ

ଵ

ଶ
ܽ, 

|ܰܯ| ൌ |ܯܤ| ൌ
ଵ

ଶ
ܽ, 

|ܯܣ| ൌ ටܽଶ ൅ ቀଵ
ଶ
ܽቁ

ଶ
ൌ

௔

ଶ
√5, 

|ܥܣ| ൌ |ܰܣ| ൌ |ܯܣ| െ |ܰܯ| ൌ
௔

ଶ
√5 െ

ଵ

ଶ
ܽ ൌ

௔

ଶ
൫√5 െ 1൯, 

|ܥܤ| ൌ |ܤܣ| െ |ܥܣ| ൌ ܽ െ
௔

ଶ
൫√5 െ 1൯ ൌ

௔

ଶ
൫3 െ √5൯. 

 
Now we should express the relevant ratios: 

|஺஻|

|஺஼|
ൌ

௔
ೌ
మ
൫√ହିଵ൯

ൌ
ଶ

√ହିଵ
∙ √

ହାଵ

√ହାଵ
ൌ

ଵା√ହ

ଶ
ൌ ߮, 

|஺஼|

|஻஼|
ൌ

ೌ
మ
൫√ହିଵ൯

ೌ
మ
൫ଷି√ହ൯

ൌ √ହିଵ

ଷି√ହ
∙
ଷା√ହ

ଷା√ହ
ൌ

ଵା√ହ

ଶ
ൌ ߮. 

We used a combined process during the solution of this task. This combined process 
we call algebraic – geometric method. This construction originates from Heron. 

Note: The ratio ߮	 is called as golden number. We say that the line segment AB is 
dividing according to the golden ratio. 

Problem 3 

Let be given the line m, the length a, angle α and a point V. Construct a triangle ABC in 
conditions that its side ܥܤ ⊂ ܥܤ ,݉ ൌ ܽ and ∢ܣ ൌ  .ߙ
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Solution 
Analyse: Let us scatch the triangle ABC (we assume that such triangle exists).  

 
Figure 5 

Let k be circumcircle of a the triangle ABC. On the circle k there are the points reflected 
with point V under the reflection of sides of triangle ABC. One of these points we label as 
P. This point P we could construct from the given objects. The points A, V, P are collinear 
and their line is perpendicular to line m. The point A is the vertex of the angle (of given 
value α) at the circumference to the circle k pertain to the chord BC. The most important is 
the construction of the circle k which helps us to construct all of the vertices of the triangle 
ABC.  
Let a translation of the triangle ABC which has been translated the side BC to B1C1 lying 
on line m. Then the point P is translated to P1 lying on line m´. Line m´ is parallel to line m 
with the circle k has been translated to the circle k1. The circle k1 contain the locus of the 
points at which a line segment BC subtends an angle α. Let us concentrate on the 
construction of the circle k1. 
 
Construction 
1. B1C1; |ܤଵܥଵ| ൌ ܽ 

2. ݇ଵ; ݇ଵ is the set of all points ܺ ∈ |ଵܥଵܺܤ∠| such that ݌ ൌ  ߙ
3. ଵܲ; ଵܲ ∈ ݇ଵ ∩ ݉´,݉´ ∥ ݉, ܲ ∈ ݉	´ 
4. ݇;	ܶ

ುభು
ሱۛ ሮ:	݇ଵ → ݇ 

,ܤ .5 ;ܥ ,ܤ ܥ ∈ ݇ ∩ ݉ 
;ܣ .6 ܣ ∈ ݇ ∩ܸܲശሬሬሬሬԦ 
 ܥܤܣ	∆ .7

 

Figure 6 

The number of solutions depends of the intersection of the line m´ and the circle k1.  
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Problem 4 

Let a triangle ABC. Let points ܯଵ and ܯଶ situated on the line	´ܰ ,ܥܤ	ݏ݅	any point 
situated on the side CA, ܲ´	݅ݏ	any point situated on the side AB. Mark the intersection 
points of the lines ܰ´ܯଵ and ܰ´ܯଶ with side AB as ܳଵ and ܳଶ, the intersection points of the 
lines ܲ´ܯଵ and ܲ´ܯଶ with side AC as ܴଵ and ܴଶ. Prove that the lines ܥܤ, ܳଵܴଶ, ܳଶܴଵ cross 
each other in one point. 
Solution 
It should be to prove that three lines are concurrent in one point, we prefer to use 
Menelaus' theorem. The points		ܴଶ,ܳଵ and I are lying on one line and on the lines 
containing the sides of the triangle ABC, according to Menelaus´ theorem holds 

ሺܫܥܤሻ ∙ ሺܴܣܥଶሻ ∙ ሺܳܤܣଵሻ ൌ 1																			ሺ1ሻ 
Analogically it is true  

ሺܬܥܤሻ ∙ ሺܴܣܥଵሻ ∙ ሺܳܤܣଶሻ ൌ 1																			ሺ2ሻ 
From the collinearity of points we obtain similarly: 

ሺܯܥܤଵሻ ∙ ሺܰܣܥ´ሻ ∙ ሺܳܤܣଵሻ ൌ 1																			ሺ3ሻ 
ሺܯܥܤଶሻ ∙ ሺܰܣܥ´ሻ ∙ ሺܳܤܣଶሻ ൌ 1																			ሺ4ሻ 
ሺܯܥܤଵሻ ∙ ሺܴܣܥଵሻ ∙ ሺܲܤܣ´ሻ ൌ 1																			ሺ5ሻ 
ሺܯܥܤଶሻ ∙ ሺܴܣܥଶሻ ∙ ሺܲܤܣ´ሻ ൌ 1																			ሺ6ሻ 

From (3), (6) and (4), (5) we derive 
ሺܰܣܥ´ሻ ∙ ሺܲܤܣ´ሻ ∙ ሺܯܥܤଵሻ ∙ ሺܯܥܤଶሻ ∙ ሺܴܣܥଶሻ ∙ ሺܳܤܣଵሻ ൌ 1																			ሺ7ሻ 
ሺܰܣܥ´ሻ ∙ ሺܲܤܣ´ሻ ∙ ሺܯܥܤଵሻ ∙ ሺܯܥܤଶሻ ∙ ሺܴܣܥଵሻ ∙ ሺܳܤܣଶሻ ൌ 1																			ሺ8ሻ 

From (7) and (8) it follows that 
ሺܴܣܥଶሻ ∙ ሺܳܤܣଵሻ ൌ ሺܴܣܥଵሻ ∙ ሺܳܤܣଶሻ; 

From there and (1), (2) it implies that ሺܫܥܤሻ ൌ ሺܬܥܤሻ. It means that the points I and J 
merge into one point and therefore the lines ܥܤ, ܳଵܴଶ, ܳଶܴଵ cross each other in one point. 

 

Figure 7 

Problem 5 

Let line segments of length a, b, e, f and an angle of value ߝ. Construct a quadrilateral 
ABCD where |ܤܣ| ൌ |ܦܥ| ,ܽ ൌ |ܥܣ| ,ܿ ൌ |ܦܤ| ,݁ ൌ ݂ and |∠ܤܵܣ| ൌ  while S is the ,ߝ
intersection point of the quadrilateral´s diagonals.  
Solution 
Analyse: We assume that there exists a quadrilateral ABCD suitable to the task. Mark the 
intersection of the diagonals as S. In translation ܦ →  the point B move to point B´, the ܥ
diagonal BD move to segment CB´ parallel to DB, then |∠ܤܵܣ´| ൌ  .ߝ
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Figure 8 

Thus we have concluded: If the quadrilateral has the required properties, then for 
triangle AB´C we have |ܥܣ| ൌ |´ܤܥ| ,݁ ൌ ݂ and |∠ܤܵܣ´| ൌ  Based on these information .ߝ
the triangle AB´C is constructible. Then the point B lies on the circles ݇ଵሺܤ´; ܿሻ and 
݇ଶሺܣ; ܽሻ. Point D we get in translation ܤ´ →  .from point C ܤ

Construction 
|´ܤܥܣ∠| ,ܥ´ܤܣ	∆ .1 ൌ |ܥܣ| ,ߝ ൌ |´ܤܥ| ,݁ ൌ ݂ 
2. ݇ଵ;	݇ଵሺܤ´; ܿሻ 
3. ݇ଶ; 	݇ଶሺܣ; ܽሻ 
4. B; B∈ ݇ଵ ∩ ݇ଶ 
5. D; 	ܶ

ಳ´ಳ
ሱۛሮ:	ܥ →  ܦ

6. ABCD 

 
Figure 9 

The number of solutions depends of the intersection of the circles  ݇ଵ, ݇ଶ. 

Problem 6 

Let triangle ABC. Construct on its sides points X, Y where |ܺܣ| ൌ |ܻܺ| ൌ  .|ܥܻ|
Solution 
There is not written what kind of triangle is ABC. First we solve the task for isosceles 
triangle ABC. 
From the symmetry of triangle ABC under the perpendicular bisector of the base AC 
follows the parallelism	ܥܣ ∥ ܻܺ. The line AY intersects the lines AC, XY under the same 
alternate angles α. The triangle AYX is an isosceles triangle with a base AY, the angles 
connected to the base are congruent. The line AY is the bisector of the angle BAC. 
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Construction (Figure 10) 
 ܥܤܣ	∆ .1
2. m; m is the bisector of angle BAC 
3. Y; ܻ ∈ ݉ ∩  ܥܤ
4. X; ܺ ∈ ܻܺ and ܤܣ ∥  ܥܣ
 
 
 
 
Now we think about a general triangle 
ABC.  
We assume that there exist the points X, Y 
suitable to the task. 

	
Figure 10 

The points X, Y we cannot construct directly, we can construct the points X´, Y´ C´ in 
enlargement with the centre A. The point X´ is … lying on AB because the scale factor is 
not done. For the point Y´ is true: ܻ´ ∈ ݇ሺܺ´, ´ܻ ሻ and|´ܺܣ| ∈  is a parallel to line ݌ where ,݌
AC and point തܻ lies on the line ݌ where തܻ ∈ | and ܥܤ തܻܥ| ൌ  The points X and Y we .|´ܺܣ|
will found as images of points X´ and Y´ under the enlargement with the centre A which 
move the point C´ to point C. 

 
Figure 11 

Conclusion 

Geometry in general does not belong in students´ opinion to favourite content of 
mathematics [7]. For students is this area of curriculum very difficult, especially 
geometrical constructions. That reason calls for more methods to use in solving 
geometrical problems. Another reason could be as Lester [8] claims „Good problem 
solvers tend to be more concerned than poor problem solvers about obtaining 
„elegant“ solutions to problems.  
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